For a finite abelian group G, let sm(G) be the smallest integer s such that every sequence of length s over G has a zero-sum subsequence of
largest number of edges in an n-vertex r-graph that does not contain a complete subgraph on k vertices. There exists the limit t(k, r) = lim n→∞ T (n, k, r)/ n r . The exact values of Turán numbers for r = 2 were found by Mantel [19] in the case k = 3, and by Turán [26] for all k. In particular, t(k, 2) = 1/(k − 1). For k > r > 2, not a single value t(k, r) is known. For details, see surveys [15, 24] .
One of the ways to generalize the Turán numbers is T l (n, k, r) = min{d l (H) : v(H) = n, α(H) < k} .
Notice that T (n, k, r) = T 0 (n, k, r). Lo and Markström [18] proved the existence of the limit t l (k, r) = lim n→∞ T l (n, k, r) n−l r−l . Inequalities (1) imply t 0 (k, r) ≤ t 1 (k, r) ≤ . . . ≤ t r−1 (k, r) .
The case l = 1 is known as a Zarankiewicz type problem (see Chapter 3 of [25] ), and t 1 (k, r) = t 0 (k, r) = t(k, r). The problem of determining t l (k, r) has been studied in [2, 7, 18, 21] in its complimentary form (see also Chapter 13.2 of survey [15] ). In notation of [18] , t l (k, r) = 1 − π l (K r k ). The case l = r − 1 was first introduced by Mubayi and Zhao [21] under the name of codegree density.
Lo and Markström [18] proved
To simplify notation for the codegree density, we will use τ (k, r) = t r−1 (k, r).
The known upper bounds for τ (k, r) follow from (2) and upper bounds for t(k, r).
In particular, τ (k, r) ≤ 1/(k − r + 1). Czygrinow and Nagle [2] conjectured that τ (4, 3) = 1/2. Lo and Markström [18] extended this conjecture to τ (r + 1, r) = 1/2.
In Sections 2 and 3 of this article, we study Sidon sets and zero-sum-free
The results of Sections 2, 3 are used in Section 4 to obtain better upper bounds for τ (k, r) when k − r > 1. In particular, we prove
where a d is the maximum size of a cap in the affine geometry AG(d, 3) (a 2 = 4, a 3 = 9, a 4 = 20, a 5 = 45, a 6 = 112),
and for r ≥ 4,
Also, for any r = 2m ≥ 4,
2 Sidon problem for Z d 2 A Sidon set A in an abelian group G is a set with the property that all pairwise sums of its elements are different (see [3] ). If G is finite, let β(G) denote the largest size of its Sidon set. Obviously,
Proof. Let A be a Sidon set in Z 
Proof. Since Z k 2 is the additive group of GF 2 k , the elements of Z 2k 2 can be represented by pairs (x, y) where x, y ∈ GF 2 k . We are going to show that a set of 2 k pairs (x, x 3 ) is a Sidon set. Indeed, suppose that x + y = z + w and
Then we get w = x + y + z and 3 Zero-sum-free sequences in Z d 2
Let G be a finite abelian group with exponent exp(G) (that is the least common multiple of the orders of its elements). It is a classical problem, going back to Erdös, Ginzburg, and Ziv [6] , to determine the smallest integer s = s(G) such that every sequence of length s over G has a zero-sum subsequence of length exp(G) (see [1, 4, 5, 8, 9, 13, 16, 23] ). Erdös, Ginzburg, and Ziv [6] proved
Reiher [23] proved a long-standing conjecture of Kemnitz [16] that s(Z 2 k ) = 4k − 3. When exp(G) = 3, a zero-sum subsequence of length 3 is an arithmetic progression. Meshulam [20] proved
where a d is the maximum size of a cap in the affine geometry AG(d, 3) (see [4] ). The known exact values (see [4, 22] ) are a 2 = 4, a 3 = 9, a 4 = 20, a 5 = 45, a 6 = 112.
In this section, we consider a more general problem. A subset A ⊂ G is called a zero-free set of rank r = m · exp(G) if the sum of any r distinct elements of A is non-zero. The largest size of such set is denoted by β m (G). A sequence of elements x 1 , x 2 , . . . , x k ∈ G (some of which may be equal) is called zero-free
Following notation of [17] and [10] , we denote by s m (G) the smallest integer s such that every sequence of length s over G has a zero-sum subsequence of length r = m · exp(G). In other words, s m (G)−1 is the largest size of a zero-free sequence of rank r.
If r is not a multiple of exp(G) then there is an element x whose order is not a divisor of r, and the infinite sequence x, x, x, . . . contains no zero-sum subsequence of length r.
Obviously, s 1 (G) = s(G). For m > 1, s m (G) was first introduced by Gao [8] and was studied further in [10, 11, 12, 14, 17] , mostly for exp(G) ≥ 3.
We are primarily interested in the case G = Z [10, 17] ).
In Section 2, we studied β(Z 
. Note that a zero-free set of rank 2m in Z Theorem 3.1. . We may assume |B| ≤ β. Let k ′ (x) be equal the largest even number that does not exceed k(x).
As the values of k
of every x ∈ B in S constitute a zero-sum subsequence of length 2m.
Theorem 3.2.
Proof. Let A = {x 1 , x 2 , . . . , x β } be a Sidon set in Z Consider the sequence x 1 , x 2 , . . . , x β , x β+1 , x β+2 where x β+1 = x β+2 = x β .
All 4-element subsequences of this sequence will have non-zero sums. Hence,
The opposite inequality follows from Theorem 3.1. 
In order to prove Theorem 3.3, we need the following Lemma 3.4. If an r-graph H has no more than λ independent edges, then
Proof. We will use induction on λ. The basis for λ = 0 is trivial. Suppose, the statement of the lemma holds for λ < k. We will show that it holds for λ = k as well. Select an arbitrary edge A in H and remove r vertices that form A together with all edges that intersect A. The resulting r-graph H 1 has no more than k − 1 independent edges, hence e(H 1 ) ≤ (k − 1)(1 + r · (d 1 (H 1 ) − 1) ). The number of edges we have removed is at most 1 + r · (d 1 (H) − 1).
Proof of Theorem 3.3. For a subset X ⊂ Z For each r = 2, 3, . . . , m, we denote by q(r) the integer q ∈ {0, 1, . . . , r − 1} such that m + q ≡ 0 (mod r). Denote λ r = 2(m + q(r))/r + 2r − q(r) − 3.
We say that an r-subset X ⊆ A is exceptional if q(r) > 0 and there exist rsubsets X 1 , X 2 , . . . , X λr such that X 1 , X 2 , . . . , X λr , X are pairwise disjoint and
Our first step will be to prove that if q(r) > 0 then any q(r)-subset is contained in no more than one exceptional r-subset. Indeed, let X and Y are exceptional r-subsets and |X∩Y | = q(r). There exist r-subsets X 1 , X 2 , . . . , X λ and 
Since λ − (r − q(r)) − r = 2k − 3 with k = (m + q(r))/r, there exist 2k − 3 indices
Then |B| = 2k · r − |X ∩ Y | = 2kr − q(r) = 2m and Σ(B) = (2k − 2)Σ(X) + 2Σ(Y ) − 2Σ(X ∩ Y ) = 0 which contradicts the assumption that A is a zero-free set of rank 2m.
In the case q(r) > 0, let G r denote an m-graph with vertex-set A where an m-subset B ⊆ A is an edge if B contains an exceptional r-subset. As the number of exceptional r-subsets is at most n q(r) , we have e(G r ) ≤ P r (n) = n q(r) n−r m−r . Note that P r (n) is a polynomial in n of degree at most m − 1. If q(r) = 0, we define P r (n) = 0 and consider G r to be empty. For r = 1, 2, . . . , m, z ∈ Z d 2 , and B ⊆ A, |B| = m − r, we denote by H r (z, B) an r-graph whose vertex set is A − B and edges are formed by r-subsets X such that B ∪ X does not contain an exceptional subset and Σ(X) = z. Notice that
where P (n) is a polynomial of order m.
Our next step is to obtain an upper bound on e(H r (z, B)). Let Therefore, H 1 (z, B) has at most 1 edge. Now we will prove the induction step from r − 1 to r. Let B ⊆ A and |B| = m − r. Notice that the degree of vertex
has no exceptional r-subset as its edge, hence, it has at most λ r independent edges. If q(r) = 0, then r is a divisor of m, and H r (z, B) can not have 2m/r independent edges: their union would be an (2m)-subset with zero sum. We apply Lemma 3.4 to H r (z, B) with λ = λ r and d 1 (H r (z, B)) ≤ N r−1 , to get
We have proved that z∈Z
e(H m (z, ∅)) ≥ P (n), where P (n) is a polynomial of order m. On the other hand, e(H m (z, ∅)) ≤ N m for every z ∈ Z d 2 . Therefore,
can be represented by vectors (x 1 , x 2 , . . . , x m ) where x i ∈ GF 2 k .
Let A be a set of 2 k vectors (x, x 3 , x 5 , . . . , x 2m−1 ) where x ∈ GF 2 k . We are going to show that A is a zero-free set of rank 2m. Indeed, suppose that
be a square matrix of order 2m over GF 2 k , where
1≤i<j≤2m (x i − x j ) which means that there are i, j such that x i = x j , i = j.
Bounds for the codegree Turán densities
In Section 3, we defined s m (G) as the smallest integer s such that every sequence of length s over a finite abelian group G contains a zero-sum subsequence of length m · exp(G). 
By combining (2) and (10), we obtain (6). Theorems 2.1, 3.2, and 4.1 yield (5).
Theorems 3.1, 3.3, and 4.1, together with (2), yield (7).
As s 1 (Z 
